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An entangled basis with fixed Schmidt number k (EBk) is a set of orthonormal basis states with 
the same Schmidt number fc in a product Hilbert space C'* (8) C'^ . It is a generalization of both the 
product basis and the maximally entangled basis. We show here that, for any k < min{d, d'}, EBk 
exists in C'* ® C'* for any d and d'. Consequently, general methods of constructing SEBk (EBk 
with the same Schmidt coefficients) and EBk (but not SEBk) are proposed. Moreover, we extend 
the concept of EBk to multipartite case and find out that the multipartite EBk can be constructed 
similarly. 

PACS numbers: 03.67.Mn, 03.67.Hk, 03.65.Ud. 


I. INTRODUCTION 

Entanglement is a fundamental feature of quantum 
physics, and it is also proved to be a central resource in 
quantum information and quantum computation UM- 
Consequently, characterizing entanglement is one of the 
fundamental problem in this field. One indispensable ap¬ 
proach is to analyze the bases of the state ^ace, such 
as the unextendible product basis (UPB) Q, the un¬ 
extendible maximally entangled basis (UMEB) and 
the unextendible entangled basis with Schmidt number 
k (UEBk) i , etc. 

Bipartite basis (complete or incomplete) in ® 
is a fundamental problem in both quantum physics and 
mathematics. The unextendible product basis is a set of 
orthogonal product vectors whose complementary space 
does not contain product states, which can be used for 
constructing bound entangled states @ . A UMEB is a set 
of orthonormal maximally entangled pure states in a two- 
qudit system consisting of fewer than cP members which 
have no other maximally entangled vectors orthogonal to 
all of them. It is shown that there is no UMEB in the 
two-qubit system, a six-member UMEB exists in G 
and a 12-member UMEB exists in (g) [^. Later, B. 

Chen and S.-M. Fei proved in Ref. 0 that there exists a 
set of d^-member UMEB in C {^ < d < d') and 
questioned the existence of UMEBs in the case of d' > 2d. 
Recently, in Ref. @ , the authors proved that there might 
be two sets of UMEBs in any bipartite system, and an 
explicit construction of UMEBs is put forward. Some 
properties of UMEBs are given in Ref. Q . 

One of the most crucial quantity associated with bi¬ 
partite pure state is the Schmidt number, which can be 
used to characterize and quantify the degree of bipartite 
entanglement for pure states directly [is [U. In Ref. 
IS, we introduce the unextendible entangled basis with 
Schmidt number k {2 < k < min{d, d'}) (UEBk) and a 
general way of constructing such a basis with arbitrary d 
and d' is proposed. Consequently, it is shown that there 
are at least k — r (here r = d mod fc, or r = d' mod fc) 
sets of UEBk when d or d' is not the multiple of fc, while 


there are at least 2(fc — 1) sets of UEBk when both d and 
d' are the multiples of fc. UEBk can be considered as 
a generalization of both UPB and UMEB from different 
directions. In Ref. [iSiil , it is shown that there exists 
MEB (maximally entangled basis) in CP ® for any d. 
We remark that the product basis (PB) always exists in 
C for arbitrary d and d' and it is a set of pure 
states whose Schmidt numbers are 1. Furthermore, the 
MEB is set of pure states whose Schmidt numbers are d. 
Then, a related question is arisen: is there an entangled 
basis with any fixed Schmidt number in 1 In this 

paper, we show that such bases exist in both C 
and ® for any d and d', and we provide methods 
to construct them. We also show that our methods can 
be directly extended to the multipartite case. Such bases 
could be useful when one study projective measurements 
onto basis states with a fixed Schmidt number. 

The material in this paper is arranged as follows. In 
Sec. II, we introduce the concepts of EBk, SEBk and 
MEB. In addition the relation between EBk and the rank- 
fc Hilbert-Schmidt basis of the associated matrix space is 
illustrated. Sec. Ill contains methods of constructing 
EBk whenever dd' is a multiple of fc. In Sec. IV, we 
discuss the case when dd' is not a multiple of fc by ana¬ 
lyzing the Hilbert-Schmidt basis with fixed rank fc in the 
space of coefficients matrices. Both EBk and SEBk are 
discussed. The multipartite case is discussed in Sec. V. 
Finally, we conclude in Sec. VI. 


II. DEFINITION AND PRELIMINARY 

Recall that, the Schmidt number of a pure state \'ilf) G 
, denote by Sr-{\tp)), is defined as the length of the 
Schmidt decomposition [l^: if |i/)) = ^k\ek)\e'k) i® 

its Schmidt decomposition, then S'rd'f/’)) = rn. It is clear 
that Sriltp)) = rank(pi) = rank(p 2 ), where pi denotes 
the reduced state of the i—th part. A state \if) G 
is called a maximally entangled state if Sr{\tjj)) = d and 
Ai = A 2 = • • • = Ad. Hereafter, we always assume that 
d < d' for simplicity. 
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Definition 1. An orthonormal basis {|(/)i)} in is 

called an entangled basis with Schmidt number k (EBk) 
if = k > 2 for any i. Particularly, it is called a 

special entangled basis with Schmidt number k (SEBk) 
if it is an EBk with all the Schmidt coefficients of \'fi)s 
equal to , and it is called a maximally entangled basis 
(MEB) if is maximally entangled for any i. 

PB always exists in for any d and d'. It 

is clear that SEBk reduces to PB (MEB) when fc = 1 
{k = d). That is, SEBk is a generalization of both PB 
and MEB. MEB is equal to SEBd while an EBd is not 
a MEB necessarily. By definition, it is clear that {|(/'z)} 
is an EBk if and only if {f7o ® is an EBk, where 

Ua/b is any unitary operator on . 

We assume that is set of pure states in 

C‘*(g)C‘*'. Let 

\^i) = 

k,l 


|1)|0')), and -^(10)11') — |1)|0')) form a MEB. In gen¬ 
eral, for the case of d 0 d, d > 2, let 

and 

( 2 ) 

where Mdn,nS are the Weyl operators, ^ and \i — 

n) = \i — n -\- d) (here, the roman letter ‘i’ denotes the 
imaginary unit, i — n-\-d means i — n+d mod d). Then the 
actions of the Weyl operators produce a MEB BUI- 

= (Wm.n® l)|f^0,0), (3) 

where 0<m,n<d—1. In fact, Eq. ([5]) can be simplified 
as 


where {|fc)} and \l') are the standard computational bases 
of the first and the second , respectively. We write 

= [4?], 

then Ai is a d by d' matrix, Sr{\ipi)) = rank(Ai) and 
if’ilf’j) = Tr(A|Aj). Let Mdxd' be the space of all d by 
d' complex matrices. Then Aidxd' is a Hilbert space with 
the inner product defined by (A|i?) = Tr(Ai'i3) for any 
A, B G Mdxd'- It turns out that {Ai : rank(Ai) = k} is 
a Hilbert-Schmidt basis of the space of Mdxd' if and only 
if is an EBk in ■ Eor simplicity, we 

call {Ai : rank(Ai) = k, Tr(A|Aj) = Sij} a rank-fc basis 
in the following. That is, there is a one-to-one relation 
between the EBk Hipi)} and the rank-fc basis {Ai}: 

I'fi) ^ Ai, {I'ipi)} o {Ai}. (1) 

Therefore, the EBk problem is equivalent to the rank- 
k basis of the associated matrix space. The important 
role of Eq. m will be seen in Sec. IV for the case when 
dd' is not a multiple of k, although the case when dd' 
is a multiple of k in the next section can be worked out 
without using Eq. O- 


III. dd' IS A MULTIPLE OF k 

This section is divided into three cases. We firstly 
discuss the case k = d = d', then consider the case 
k = d < d', and study the case fc < d < d' at last. 
The methods of constructing EBk can be induced from 
the structure of the MEB. 


A. fc = d = d' 


W^,u\i)=r^\i-n). (4) 

Then 

l^m.n) = (WAi,n ® l)|f^0.o) (5) 

with 0 < m,n < d— 1 also form a MEB in Sym¬ 

metrically, both (1 (g) Wm,n)\^ofi) and (1 ® H4n,n)|fIo.o) 
induce a MEB as well. 


B. k = d<d' 


We begin with the simple case of 2 (g) 3. It is clear that 

= ^(|0)|0') + |1)|1')), 

= ^(| 0 )| 0 ')-| 1 )| 1 ')), 

|(/. 3 ) = ^(| 0 )| 1 ') + | 1 )| 2 ')), 

|(/.4) = ^(|0)|1')-|I)|2')), 

\^b) = ^(| 0 )| 2 ') + | 1 )| 0 ')), 

= ^(|0)|2')-|I)|0')) 

is a MEB in (g) C^. In general, in a d (g) d' (d < d') 
system, let 


^ 2=0 


For the two-qubits case, the Bell basis states, 

^(|0)|0') + |1)|1')), ;^(|0)|0') - |1)|P)), ;^(|0)|1') + 


and 


Wm,Ai!) = r^\{i - n)') 


( 6 ) 
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where ^ and \i — n) = \i — n + d!) (here i — n + d! 

means i — n + d' mod d'). Then 

= (1 0 M^m,n)|^^0,o) (7) 

with 0 < m < d — 1 and 0 < n < d' — 1 induce a MEB in 

That is, SEBd always exists in 0 with d < d'. 
We can also show that there is EBd but not SEBd in 
C'^0C‘^'. Let 

2-d 2 2 ••• 2 \ 

2 2-d 2 ••• 2 

2 2 2 -d ••• 2 

1 

2 2 2 ••• 2-d/ 

then Od is a d by d orthogonal matrix and Ud = iOd is 
a unitary matrix. Replacing the coefficients in Eq. dSED 
by the entries in the columns (or rows) of the Ud or Od 
respectively, one can get the existence of EBd in any d0d' 
system. 

In fact, any d by d isometric matrix X = [xki] without 
zero entries can induce an EBd since we can replace the 
coefficients in Eq. (ism by the entries in the columns of 
any d by d isometric matrix without zero entries. That 
is, we replace the coefficient of — i)') by 

Xn+i,m+i- Here, an m by n matrix A is an isometric 
matrix if A'^A = /„ is the n by n identity matrix. 

Since there are infinitely many isometric matrices, we can 
construct infinitely many EBds. Also note that, there are 
many ways of constructing MEB since we can replacing 
the coefficient by any other ones that guarantee the 
orthogonality. 



C. k<d<d' 


We now consider the EBk in a d 0 d' system with dd' 
a multiple of fc, and k < d < d'. For clarity, we give an 
example of EB3 in C"'’ 0 C®. Let ^ it is obvious 

that the following states constitute an EB3 in a 4 0 6 
system. 


|<(.o) = ^(|0)|0') + |1)|1') + |2)|2')), 

l^i) = ^(|0)|0')+e|l)|l')+e^|2)|2')), 
= ^(|0)|0')+e^|l)|l')+e"|2)|2')), 

103) = ^(|3)|3') + |0)|1') + |1)|2')), 

104) = ^(|3)|3')+e|0)|l')+e^|l)|2')), 

105) = ^(|3)|3')+e^|0)|l')+e"|l)|2')), 

106) = 4(|2)|3') + |3)|4') + |0)|2')), 


I'/'r) 

I'/'s) 

l<)'9) 

I'Pw) 

|01l) 

1012) 

1 ^ 13 ) 

1014) 

l<(>15) 

l^ie) 

1017) 

1018) 

1019) 

1 02 0) 

1021) 

1022) 
1023) 


^(|2)iq 

^(|2)iq 

^(IDIP 

^(IDIP 

^(IDIP 

4j(|0)iq 

2=(|0)|3') 

2=(|0)|3') 

2=(|3)|0') 

2=(|3)|0') 

2j(|3)|0') 

2=(|2)|0') 

A(|2)|0') 

4j(|2)|05 


+ {|3)|4')+|=|0)|2')), 
+ {"|3)|4')+{‘|0)|2')), 
+ |2)|4') + |3)|5')), 

+ f|2)|4')+«"|3)|5')), 
+ {"|2)|4')+{‘|3)|5')), 
+ |1)|4') + |2)|5')), 

+ f|l)|4')+«’|2)|5')), 
+ f"|l)|4')+q|2)|5')), 
+ |0)|4') + |1)|5')), 

+ f|0)|4')+«’|l)|5')), 
+ {"|0)|4')+q|l)|5')), 
+ |3)|1') + |0)|5')), 

+ f|3)|l')+«“|0)|5')), 
+ {"|3)|l')+q|0)|5')), 
+ |2)|1') + |3)|2')), 

+ f|2)|l')+«’|3)|2')), 

+ {“|2)|1')+{‘|3)|2')). 


With the same spirit in mind, in general, we let 


1 .^A ^ / \W), 0<i<d, 

( |r)|(t © r)'), f = fd + r, 0 < r < d. 


where t © r means t + r mod d'. If dd' = sk, 2 < k < d, 
then 


= ( 8 ) 

1=0 

constitute an EBk, where ^ = e^, 0 < to < fc — 1, 
0 < n < s — I. 

The EBk above is also a SEBk. In order to construct an 
EBk that is not a SEBk, one can replace the coefficients 
in Eq. (|8]) by the entries of any fc by fc isometric matrix 
X = [xij] without zero entries, namely, we can replace 
the coefficient in Eq. ([5]) by a;i+i^m+i- From the 
discussion in Subsec. A and Subsec. B we know that 
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we can construct infinitely many such EBks that are not 
SEBks, and we also know that there are other methods 
of constructing SEBks. 

IV. dd' IS NOT A MULTIPLE OF k 


have rank-3 bases. In general, for any fc, if d = sk + r and 
d' = s’k+r', then the Hilbert space Mdxd' is a direct sum 
of three subspaces which are equivalent to A4dx(s'-i)fej 
Mi^s-i)kx(k+r') and7W(fc+r)x(fc-Hr') respectively. We only 
need to consider rank-fc bases in the following spaces (as¬ 
sume that there exists EBl {I < k)) 


In this section, we assume that dd' is not a multiple 
of k. We discuss an EBk that is not a SEBk firstly and 
then deal with SEBks. 

We begin with the case k = 2. If dd' is not a multiple 
of 2, then the Hilbert space Mdxd' is a direct sum of 
three subspaces which are equivalent to M 2 px 3 , Mdx 2 q 
and Msxa respectively, with p,q > 1. For example, the 
space of M^xb is a direct sum of M^x 2 and Msxs- 

(* * * * *\ * 0 0 0 \ /O 0 * * *\ 

***** = **000 © 00 *** ; 

\ J \ ^ ^ 0 0 0 I \00***/ 

the space of M^xb is a direct sum of M 5 X 2 , M 2 x 3 and 
M3x3- 


J^k+l 


'/ xi 0 ■■■ 0 0 \ ' 

0 a;2 • • ■ 0 0 

^ p 

0 0 • • • 0 Xk 

, \ 0 0 • • • 0 Xk+1 / . 


' / a:i 0 ••• 0 0 \ ' 

0 X 2 ■ ■ ■ 0 0 


klk+2 — ' 


0 

0 

V 0 


0 • • • 0 Xk 

0 •••0 Xk+1 
0 • • • 0 Xk+2 / 




f * 

* 

* 

* 

* \ 


/ 

* 

* 

0 

0 


* 

* 

* 

* 

* 





0 

0 

0 



* 

* 

* 

= 




0 

0 

0 

* 


* 

* 

* 





0 

0 

0 

\ * 


* 

* 

* / 


V 



0 

0 

0/ 



0 

0 

0 




0 



* \ 

0 

0 

0 

0 

0 


0 

0 



* 

0 

0 

0 

0 

0 

© 

0 

0 

* 

* 


0 

0 

* 

* 

* 


0 

0 

0 

0 

0 

\0 

0 

* 

* 

* / 


\0 

0 

0 

0 

0/ 


Since rank-2 basis always exists in M 2 pxs and Mtx 2 q, 
we only need to discuss M'ix 3 - Observe that 

/o**\ /*oo\ 

*** = *0* © 0*0 , 


we thus only need to check 



/ 0 * * \ 

have rank-2 bases since * 0 * have rank-2 bases (it 

y* 0 * j 

is indeed a 2 © 3 case). Similarly, for fc = 3, the Hilbert 
space Mdxd' is a direct sum of three subspaces which 
are equivalent to Mdx 3 p, M 3 qxi 3 +t} and M(^ 3 +s)x{ 3 +t) 
respectively, where p,q > 1, 1 < s,t < 2. We thus only 
need to show 


•^3-1-1 = 



> and £ 3+2 = 


/ * 0 0 \ 

' 

0*0 


0 0 * 

> 

0 0 * 


V 0 0 * y 

> 


✓ 

/ Xi 

0 

... 0 




0 

X2 

... 0 

0 



0 

0 

... 0 

Xk 



0 

0 

... 0 

Xk-\-l 



0 

0 

... 0 

Xk-\-2 



V 0 

0 

... 0 

X2k-1 / 

> 


In fact, for the space of Ck+s, 1 < s < A: — I, we take 


X 


(i) 

P 


^ y(p-i)(»-i) p 

VkT^^ ’ ^ 


27 ri 

^k + s ^ 


(9) 


1 < p,i < k + s. That is, xys are the coefficients of the 
f-th element of MEB in (fc -|- s) © (fc -I- s) system as in 
Eq. ([5]), f = 1, 2, ..., k + s. Let 

f xf^ 0 • • • 0 0 \ 

0 4*^ ••• 0 0 


■fe+, 


0 0 
0 0 
0 0 


M) 

■^k 

(b 

4+1 

(b 

4+2 


( 10 ) 


V 0 0 


0 





then {^4^} is a rank-fc basis of Ck+s- We thus prove 
that EBk exits in any bipartite system. 

The coefficients in Eq. dH) can be replaced by the en¬ 
tries in the columns of any k + s by k + s isometric matrix 
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without zero entries respectively. That is, there are in¬ 
finitely many EBks in any d 0 d' system. Of course there 
also exist other types of EBk (but not SEBk). Eor exam¬ 
ple, 


IV'i) 

\^2) 

\^3) 

IV' 4 ) 

1 ^ 5 ) 

IV'e) 

IV'?) 

IV's) 

IV'g) 


^|0)|0') + ^|1)|1'), 




1 


| 1 ') + ^| 1 )| 0 '), 


ll') 




| 1 )| 0 '), 


;(j|l)| 2 ') + T| 2 )| 0 '), 

;(5|1)|2')-^12)10'), 

;(j|o)|2') + T|2)|r), 

T|„)|2-)-^|2)ir) + ^|2,w. 

T|„)|2-)-^|2)|I')-||2)|20 


( 11 ) 


constitute an EB2 in 0 C^, but it is not a SEB2. We 
thus obtain the following result. 

Theorem 1. For any d, d! and 1 < fc < d, there exist 
infinitely many EBks in 0 . 

Now we discuss SEBk. We begin with k = 2 and d = 
d' = 3. It is straightforward to show that, for any rank- 
2 basis of £ 2 - 1 - 1 , if it corresponds to three elements of a 
SEB2, then it must admit the following form 


c 0 , c 0 ae'y^ , c 0 , 

\ 0 j \ 0 be'y^ j \ 0 be'^^ j 


systems or systems that can be divided into 3 0p, 4 0 g, 
r 0 4 and s 0 3 systems with g, r > 4 and p,s > 3. We 
now can conclude the following. 

Theorem 2. If dd! is a multiple of fc, then there exist 
infinitely many SEBks in 0 C‘^'. 

Theorem 3. If dd' is not a multiple of fc, d = sfc -I- r 
and d' = s'k r', then there exists SEBk in 0 if 
there exists a (fc-|-f) x (fc-|-f) isometric matrix X = [a;^], 
f = min{r, r'}, such that each column 

(xij, X2j , * * * , ) 

(here, ^4* denotes the transpose of A) satisfies: 

1) either there are only fc nonzero entries and the mod¬ 
ulus of them are or 

2) \xij\ = when 1 < i < fc- 1 and J2^>k = i 

That is, the SEBk problem is reduced to the construc¬ 
tion of the special isometric matrices. However, whether 
or not there exists fc-|-s by fc-|-s isometric matrix X = [xij] 
that satisfying the condition 1) or 2) is unknown when 
fc > 3. With the increase of dimensions d and d' and fc, 
the verification of the existence of SEBk becomes harder 
and harder. 


V. MULTIPARTITE CASE 

In this section, we consider the multipartite case. We 
firstly extend the concept of EBk to multipartite systems. 
In a product Hilbert space 0 0 • • • 0 with 

N >3, only specific pure states admit a Schmidt decom¬ 
position form [2. Now we discuss whether a basis 
can be constructed from such specific states for the mul¬ 
tipartite case. Hereafter, we always assume with no loss 
of generality that di < d 2 < • • • < d^- 

Definition 2. An orthonormal basis {\ipi)} in 0 
0 • • • 0 is a A-partite EBk (1 < fc < di) if 


where a > 0, b > 0, a'^ + b'^ = 1, c = Xi, yi, Zi {i = 
1,2) are real numbers that should satisfy the following 
equalities 

Xi-yi=X2-y2± TT, 

Xi — Zi = X2 — Z2 ± TT, 
yi- Zi=y 2 - Z 2 ± TT. 

However, the above three equalities contradict each 
other. Therefore, there is no SEB2 in 3 0 3 systems ac¬ 
cording to our Scenario (maybe SEB2 can be constructed 
by other approaches). The space of A44x4 can be decom¬ 
posed as 


/* 


* 

* \ 


/O 


* 

* \ 

/* 

0 

0 

0 

* 

* 

* 

* 


* 

0 

* 

* 1 

0 

* 

0 

0 

* 

* 

* 

* 

= 

* 

* 

0 

* 

0 

0 

* 

0 

\ * 

* 

* 

J 


\ * 

* 

* 

0/ 

Vo 

0 

0 

* 


It is obvious that diag(0,1,1,1), diag(l,0,-l,l), 
diag(l,l,0,-l) and diag(l,-l,l,0) form a rank-3 ba¬ 
sis of {diag(*, *, *, *)}. Thus, SEB3 exists in any 4 0 d' 


(12) 

j=0 

for any i, 0 < i < did 2 - ■ ■ djq — 1, where {|e®)} is an 

orthonormal set of > 0, = 1, 1 < ^ < 

N, N > 3. Particularly, it is a A-partite SEBk if it is a 

(i) 1 

A-partite EBk with all the coefficients A) s equal to 
We begin with the tripartite case. Let {|'0i)} be an 
EBk of 0 , and be written in the Schmidt decom¬ 
position form as \tpi) = of which the 

Z-th product term |ei)|ej) is denoted by Itpl) for conve¬ 
nience. We define 

fc-i 

(13) 

1=0 

where j -I -1 means j +1 mod da, {Ija)} is an orthonormal 
basis of C‘^3, 0 < j < da — 1. Then with 0 < 
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i < did 2 — 1 and 0 < j < da — 1 is a tripartite EBk in 

® ig) £d3 _ 

Generally, we denote by \tp’‘) = |e;^^)|ep^) • • • 
for convenience provided that \ip) = 

with {|e^"^)} is an or¬ 

thonormal set of C‘^‘, 1 < s < m. If {|V'i)} i® 
m-partite EBk of G G • • • G , then 

k — 1 

IV’lr'^):=E^rV')l(j+0-+i) (14) 

1=0 

with 0 < j < dm+i — 1 form an m -f 1-partite EBk of 
• •(g)C‘^'"+E where {|jm+i)} is an orthonormal 
basis of C‘^'"+b j + I means j + I mod dm+i, 0 < i < 
did 2 ---dm — 1- That is, (m -f l)-partite EBk can be 
obtained from m-partite EBk for any m > 2. Together 
with Theorems 1-3, we thus get the following. 

Proposition 1. For any 1 < fc < di, there exist in¬ 
finitely many A^-partite EBks in G 0 • • • G . 

Proposition 2. If did 2 • • • d^r is a multiple of fc, then 
there exist infinitely many A^-partite SEBks in ® 
® • • • G . 

Proposition 3. If did 2 • • • d^v is not a multiple of k, then 
there exists A^-partite SEBk in ® ® ® if 

the condition of Theorem 3 holds with f = minjri : 1 < 
i < A^}, di = Sik + ri- 

In other words, the key point of multipartite case is 
in fact the same as the bipartite one. In addition, from 
our approach, the A^-partite EBk can be constructed in 
many ways. For example, if d 2 d 3 is a multiple of k, one 
can either construct an EBk (or SEBk) of 0 or 
construct an EBk (or SEBk) of ( (p, q) ^ (2, 3)), 

then a A^-partite EBk (or SEBk) is obtained by Eq. (ITTl) . 

The basis vector \ipi) of any A^-partite EBk {\ipi)} is in 
fact a GHZ-like state, namely, it is local unitarily equiv¬ 
alent to the form 

fe-i 

|GHzW)=^A,|ji)|j2)---b-^), 

j=0 

where {|jz)} is an orthonormal set of Xj > 0, 
E, A2 = 1, 1 < ; < AT. 

At last, we give two examples for illustration. For the 
case 0 0 C^, it is easy to check that the eight 

3-qubits GHZ states deduced from the four Bell states 
via relation Eq. (fT3l) form a 3-partite SEB2 (or MEB), 
and a general 3-partite EB2 (that is not a SEB2) can 
be obtained through Eq. m from any EB2 in 0 
C^. Namely, if (IV'i) = -I- : 0 < i < 

3, (a-°^)^ + (Oi^^)^ = 1} is an EB2 of two-qubits system, 
then 

\ 47 '^) = 4°Vo°)io) + 4'Vo)|i), 

= ao^VS)!!)+ao^Vo)|0), 

= a(‘’V?)|0)+4'Vl)|l), 

= a(°V?)|l)+4'Vi)|0), 


\ 47 '^) = 4°V2°)|o)+4'V2)|i), 

= 4‘’^IV'2)|1) +«2^V2)|0), 

= 4°V3°)|o)+4'V3)|i), 

= 4°V3)ii)+4'V4io) 

are a 3-partite EB2 in 0 0 via relation Eq. m- 

For the case 0 0 C^, 


W'S'’ 

I-aA") 

14?“' 

;,(2+i) 


) = ^|0)|0)|0) + ^|1)|I)|1), 
^|0)|0)|1) + ^|1)|I)|2), 

) = i|0)|0)|2) + ^|l)|I)|0), 

) = ^|0)|0)|0)-i|l)|I)|l), 
\^rr’) = ^I0)|0)|l)-i|l)|l)|2), 

) = ^|0)|0)|2)-i|l)|I)|0), 

) = ^|0)|1)|0) + ^|1)|0)|I), 

) = ^|0)|1)|I) + ^|1)|0)|2), 

) = ^| 0 )| 1 )| 2 ) + ^| 1 )| 0 )| 0 ), 

) = -^|0)|1)|0) + ^|1)|0)|1), 
) = -^|0)|1)|I) + ^|1)|0)|2), 
) = -^|0)|1)|2) + ^|1)|0)|0), 


\ 4 T 

\4T 

\ 4 T 

\47'^ 

\4T 

( 2 + 1 ) 






\ 4 ^ r ' 


^ '1)12)10)-b^ 


144") = 77^ 




) = 


i44'^) 


) = 
) = 
) = 
) = 


V2 

1 

V2 

1 

V2 

1 

71 

1 

71 

1 

71 

1 

71 

1 

71 

1 

71 


1 ) 12 ) 11 )+ 7 ^ 
1 ) 12 ) 12 ) 

1 


72 

1 

71 

1 

71 

1 

71 

1 

71 

1 


1 )| 2 )| 0 )- 
1 )| 2 )| 1 )- 
1 )| 2 )| 2 )- 
0 )| 2 )| 0 ) + 
0 )| 2 )| 1 ) + 
0 )| 2 )| 2 ) + 


72 


2 )| 0 )| 1 ), 

2 )| 0 )| 2 ), 

2 )| 0 )| 0 ), 

2 )| 0 )| 1 ), 

2 )| 0 )| 2 ), 

2 )| 0 )| 0 ), 

2)|1)|1), 

2 )| 1 )| 2 ), 

2 )| 1 )| 0 ), 
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\4T) 

\474 

\4s4^) 


^|0)|2)|0)-^|2)|l)|l) + ^|2)|2)|l), 
^|0)|2)|1)-^|2)|1)|2) + ^|2)|2)|2), 
^|0)|2)|2)-^|2)|1)|0) + ^|2)|2)|0), 
^|0)|2)|0)-^|2)|1)|1)-^|2)|2)|1), 
^|0)|2)|1)-^|2)|1)|2)-^|2)|2)|2), 
^|0)|2)|2)-^|2)|1)|0)-^|2)|2)|0) 


constitute an EB2 in 0 C^, IV'i are in fact 

three-qubits GHZ-like states. It is clear that 
above are derived from Eq. m via relation Eq. 0. 
There is no SEB2 in 3 ® 3 system, so there is no SEB2 in 
3 G 3 (8) 3 system either. An EB3 or SEB3 in 0 (8) 

can be obtained via relation Eq. m from any EB3 or 
SEB3 in 0 respectively. 


VI. CONCLUSIONS 

We have introduced the concept of EBk and showed 
that EBk exists in 0 for any d and d'. In our dis¬ 
cussion we have also proposed methods of constructing 
EBks by analyzing the structure of the matrix space of 
the coefficients matrices. We showed that the existence 
of EBks is equivalent to the existence of the special iso¬ 
metric matrices. Our result is a complement of the UB 
problem (here, UB contains UPB, UMEB and UEBk) to 
some extent. By now, the basis problems (namely, MEB, 
EBk, PB, UPB, UMEB and UEBk) are somehow settled 
down: any kind of basis (complete or incomplete) exists 
in any bipartite space 0 . It is a little pity that the 

SEBk problem is left open when dd' is not a multiple of 
k. 

Furthermore, our approaches can be used in multipar¬ 


tite case and we thus have provided a complete char¬ 
acterization of EBk in both the bipartite case and the 
multipartite case. In either bipartite case or multipartite 
case, the basis states of EBk (or iV-partite EBk) are just 
the pure states that admit the Schmidt decomposition 
with the same length. Although only some special multi¬ 
partite pure states have the Schmidt decomposition, the 
basis with such a special structure always exists. Our re¬ 
sults provide a mathematical tool for studying projective 
measurements onto basis states that admit a Schmidt 
decomposition with the same length. 

It is worth mentioning here that real space is different 
from the complex space. From the arguments in Sec. III- 
IV, we conjecture that there is no SEB2 in the real space 
0 when dd' is not a multiple of 2 (due to the fact 
that the real numbers with modulus 1 are only I and -1). 
Moreover, we conjecture that: i) MEB exists only when 
d = 2'* with s > 0; ii) SEBk exists only when fc = 2®, 
s > 0, and dd' is a multiple of fc. In addition, from the 
orthogonal matrix O^, we can conclude that EBk that is 
not SEBk exists in 0 R'^ for any d and d' (of course 
there are other types of EBks). Similar results for the 
multipartite case can be obtained from the method in 
Sec. V. 
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